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Abstract. In this paper we study variational problems related to the heat equation in metric spaces 
equipped with a doubling measure and supporting a Poincare inequality. We give a definition of parabolic 
De Giorgi classes and compare this notion with that of parabolic quasiminimizers. The main result, 
after proving the local boundedness, is the proof of a scale-invariant Harnack inequality for functions in 
parabolic De Giorgi classes. 
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1. Introduction 

The purpose of this paper is to study variational problems related to the heat equation 

du 

in metric spaces equipped with a doubling measure and supporting a Poincare inequality. We give a 
notion of parabolic De Giorgi classes of order 2 and parabolic quasiminimizers and study local regularity 
properties of functions belonging to these classes. More precisely, we show that functions in parabolic 
De Giorgi classes, satisfy a scale invariant Harnack inequality, see Theorem 15.71 Some consequences of 
the parabolic Harnack inequality are the local Holder continuity and the strong maximum principle for 
the parabolic De Giorgi classes. Our assumptions on the metric space are rather standard to allow a 
reasonable first-order calculus; the reader should consult, e.g., Bjorn and Bjorn j3j and Heinonen [IQ,, 
and the references therein. 

Harnack type inequalities play an important role in the regularity theory of solutions to both elliptic 
and parabolic partial differential equations as it implies local Holder continuity for the solutions. A 
parabolic Harnack inequality is logically stronger than an elliptic one since the reproduction at each 
time of the same harmonic function is a solution of the heat equation. There is, however, a well-known 
fundamental difference between elliptic and parabolic Harnack estimates. Roughly speaking, in the elliptic 
case the information of a positive solution on a ball is controlled by the infimum on the same ball. In 
the parabolic case a delay in time is needed: the information of a positive solution at a point and at 
instant to is controlled by a ball centered at the same point but later time to + ti, where ti depends on 
the parabolic equation. 

Elliptic quasiminimizers were introduced by Giaquinta-Giusti |13) and |14j as a tool for a unified 
treatment of variational integrals, elliptic equations and systems, and quasiregular mappings on R". Let 
fl C R" be a nonempty open set. A function u G is a Q-quasiminimizer, Q > 1, related to the 

power p in Q if 

I \S/u\Pdx<Ql \S/{u- dx 

SUpp(0) '.'SUpp(0) 

for all cj) G Wq'^{VL). Giaquinta and Giusti realized that De Giorgi's method [6] could be extended 
to quasiminimizers, obtaining, in particular, local Holder continuity. DiBenedetto and Trudinger [10] 
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proved the Harnack inequality for quasiminimizers. These results were extended to metric spaces by 
Kinnunen and Shanmugalingam [23J. Elliptic quasiminimizers enable the study of elliptic problems, such 
as the p-Laplace equation and p-harmonic functions, in metric spaces. Compared with the theory of 
p-harmonic functions we have no differential equation, only the variational approach can be used. There 
is also no comparison principle nor uniqueness for the Dirichlet problem for quasiminimizers. See, e.g., 
J. Bjorn 4J, Kinnunen-Martio [22], Martio-Sbordone [27] and the references in these papers for more on 
elliptic quasiminimizers. 

Following Giaquinta-Giusti, Wieser [33) generalized the notion of quasiminimizers to the parabolic 
setting in Euclidean spaces. A function u : Q x {0,T) K, u € Lf^^{0,T;W{^^{n)), is a parabolic 
Q-quasiminimizcr, Q > I, for the heat equation (thus related to the power 2) if 

— f f dxdt + f f - — dxdt < Q f f J — ^ — "^^^ dx dt 

JJsupp{tj}) JJsupp{4)) ^ JJsMpp{(f>) ^ 

for every smooth compactly supported function in 17 x (0, T). Parabolic quasiminimizers have also been 
studied by Zhou [331[3n|, Gianazza-Vespri [12 , Marchi 26 , and Wang [32 . 

The present paper is using the ideas of DiBenedetto 8 and is based on the lecture notes [11 of the 
course held by V. Vespri in Lecce. We would like to point out that the definition for the parabolic De 
Giorgi classes of order 2 given by Gianazza and Vespri [12) is sligthly different from ours, and it seems 
that our class is larger. Naturally, our abstract setting causes new difficulties. For example. Lemma 12.51 
plays a crucial role in the proof of Harnack's inequality. In Euclidean spaces this abstract lemma dates 
back to DiBenedetto-Gianazza- Vespri [^ , but as the proof uses the linear sructure of the ambient space 
a new proof in the metric setting was needed. 

Motivation for this work was to introduce a version of parabolic De Giorgi classes that include parabolic 
quasiminimizers, and provide the sufficiency of the Saloff-Coste-Grigor'yan theorem. Grigor'yan [16' and 
Saloff-Coste ^28j observed independently that the doubling property for the measure and the Poincare 
inequality are sufficient and necessary conditions for a scale invariant parabolic Harnack inequality for 
the heat equation on Riemannian manifolds. Sturm [31| generalized this result to the setting of local 
Dirichlet spaces essentially following Saloff-Coste; such approach works also in fractal geometries, but 
always when a Dirichlet form is defined. For references, see for instance Barlow-Bass-Kumagai [1] and 
also the forthcoming paper by Barlow-Grigor'yan-Kumagai [2]. In this paper we show the sufficiency 
in general metric measure spaces without using Dirichlet spaces nor the Gheeger differentiable structure 
[S]. It would be very interesting to know whether also necessity holds in this setting. Such geometric 
characterization via the doubling property of the measure and a Poincare inequality is not available for 
an elliptic Harnack inequality, see Delmotte [?]• 

The paper is organized as follows. In Section [5] we recall the definition of Newton-Sobolev spaces and 
prove some preliminary technical results; these results are general results on Sobolev functions and are 
of independent interest. In Section [3] we introduce the parabolic De Giorgi classes of order 2 and define 
parabolic quasiminimizers. In Section U we prove the' local boundedness of elements in the De Giorgi 
classes, and finally, in Section [5] we prove a Harnack- type inequality. 

Acknowledgements Miranda and Paronetto visited the Aalto University School of Science and Tech- 
nology in February 2010, and Marola visited the Universita di Ferrara and Universita degli studi di Padova 
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2. PRELIMINARIES 

In this section we briefly recall the basic definitions and collect some results needed in the sequel. For 
a more detailed treatment we refer, for instance, to the forthcoming monograph by A. and J. Bjorn [3] 
and the references therein. 

Standing assumptions in this paper are as follows. By the triplet {X, d, ji) we will denote a complete 
metric space X, where d is the metric and jj, a Borel measure on X. The measure /i is supposed to be 
doubling^ i.e., there exists a constant c > 1 such that 

(1) < fl{B2r{x)) < C^{Br{x)) < OO 

for every r > and x G A. Here Br{x) — B{x, r) — {y ^ X : d{y, x) < r} is the open ball centered at x 
with radius r > 0. We want to mention in passing that to require the measure of every ball in X to be 
positive and finite is anything but restrictive; it does not rule out any interesting measures. The doubling 
constant of fi is defined to be Cd ■= inf{c G (1, oo) : ([Ij holds true}. The doubling condition implies that 
for any x G A, we have 

KBr{x)) ^ (rY ^NfR''' 

for all < r < i? with N := log2 Cd- The exponent A^ serves as a counterpart of dimension related to the 
measure. Moreover, the product measure in the space X x (0, T), T > 0, is denoted hy fi^C^, where 
is the one dimensional Lebesgue measure. 

We follow Heinonen and Koskela [2^ in introducing upper gradients as follows. A Borel function 
(7 : A [0, cx)] is said to be an upper gradient for an extended real- valued function u on A if for all 
rectifiable paths 7 : [0, 1^] A, we have 

(3) |ii(7(0))-«(7(^))| < fgds. 

If ([3]) holds for p-almost every curve in the sense of Definition 2.1 in Shanmugalingam |29j we say that g 
is a p-weak upper gradient of u. From the definition, it follows immediately that if 5 is a p-weak upper 
gradient for u, then g is a p-weak upper gradient also for u — k, and \k\g for ku, for any fc G R. 

The p-weak upper gradients were introduced in Koskela-MacManus [24]. They also showed that if 
g G LP{X) is a p-weak upper gradient of u, then, for any e > 0, one can find an upper gradients g^ of u 
such that ge > g and \\ge — g\\Lp(x) < £• Hence for most practical purposes it is enough to consider upper 
gradients instead of p-weak upper gradients. If u has an upper gradient in LP{X), then it has a unique 
minimal p-weak upper gradient g^ G LP(X) in the sense that for every p-weak upper gradient g G LP{X) 
of u, gu < g a.e., see Corollary 3.7 in Shanmugalingam [30] and Hajlasz [18] for the case p = 1. 

Let be an open subset of X and 1 < p < 00. Following the definition of Shanmugalingam [29], we 
define for u G LP{fl), 

l"lljvi-p(o) II^IIlp(o) ll5"llLP(n)' 
where the infimum is taken over all upper gradients of u. The Newtonian space N^'P(n) is the quotient 
space 

N''P{n) ^{ue LP{n) : h||^i,p(o) < 00} /^, 
where u ~ w if and only if ||u — w||Ari.p(o) — 0. The space N^'P{n) is a Banach space and a lattice, see 
Shanmugalingam [29]. A function u belongs to the local Newtonian space A^i^'f (fi) if u G N^'P{V) for ah 
bounded open sets V with 1/ C fi, the latter space being defined by considering V as a metric space with 
the metric d and the measure fi restricted to it. 

Newtonian spaces share many properties of the classical Sobolev spaces. For example, if m, u G A'j^'^(fi), 
then gu = gv a.e. in {a; G fi : u{x) = v{x)}, in particular .ginin{u,c} = 5uX{«7^c} for c G R. 
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We shall also need a Newtonian space with zero boundary values; for the detailed definition and main 
properties we refer to Shanmugalingam [30l Definition 4.1]. For a measurable set E C X, let 

No'^iE) - {f\E ■■ f e N^-P{E) and / = p-a.e. on X \ E}. 

This space equipped with the norm inherited from N^'^{X) is a Banach space. 

We shall assume that X supports a weak (1, 2)-Poincare inequality, that is there exist constants C2 > 
and A > 1 such that for all balls Bp C X, all integrable functions m on X and all upper gradients g of u, 



(4) / \u-UBjdfi<C2P 

J B„ 




where 



ub f udp. := / ud^i. 

B l^[B) Jb 



It is noteworthy that by a result of Keith and Zhong [211 if a complete metric space is equipped with a 
doubling measure and supports a weak (1, 2)-Poincare inequality, then there exists e: > such that the 
space admits a weak (l,p)-Poincare inequality for each p > 2 — e. We shall use this fact in the proof of 
Lemma 15.61 which is crucial for the proof of a parabolic Harnack inequality. For more detailed references 
of Poincare inequality, see Heinonen-Koskela [20] and Hajlasz-Koskela [17]. In particular, in the latter it 
has been shown that if a weak (1, 2)-Poincare inequality is assumed, then the Sobolev embedding theorem 
holds true and so a weak {q, 2)-Poincare inequality holds for all q < 2*, where, for a fixed exponent p we 
have defined 



(5) 



N 



, p<N, 



00, p > N. 

In addition, we have that if m G iVQ'^(i3p), Bp C fi, then the following Sobolev-type inequality is valid 




(6) f \uVdii\ <c,p\ f gi d^l\ , VI < (z < 2 



for a proof of this fact we refer to Kinnunen-Shanmugalingam [23j Lemma 2.1]. The crucial fact here for 
us is that 2* > 2. We also point out that since u G N^'^{Bp), then the balls in the previuous inequality 
have the same radius. The fact that a weak (l,p)-Poincare inequality holds for p > 2 — e implies also 
the following Sobolev-type inequality 



(/ 




(7) f Wdp.\ <Cpp\l gPd^Ji\ , Vl<<z<p 



for any function u with zero boundary values and any g upper gradient of u. The constant c, depends 
only on Cd and on the constants in the weak (1, 2)-Poincare inequality. 

We also point out that requiring a Poincare inequality implies in particular the existence of "enough" 
rectifiable curves; this also implies that the continuous embedding N^'"^ L^, given by the identity map, 
is not onto. 

We now state and prove some results that are needed in the paper; these results are stated for functions 
in N^''^, but can be easily generalized to any N-^'P, 1 < p < +00 if we assumed instead a weak (l,p)- 
Poincare inequality. 
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Theorem 2.1. Assume u g Nq''^{Bp), < p < diani(X)/3; then there exist k > 1 such that we have 

Bp \J Bp J ■' ^Ap 

Proof. Let k = 2 — 2/2*, where 2* is as in the Sobolev inequahty ([6]). By Holder's inequahty and (jH), we 
obtain the claim 

K-l / V 2/2* 



/ \u\'^'' dfi < i -f \u\'^dA (/ \uf dfi 

J B„ \J B„ / \J B„ 



< cIp^ f H'^dp. f gldfi. 

\J Bp J Bap 

□ 

By integrating the previous inequality in time, we obtain a parabolic Sobolev inequality. 

Proposition 2.2. Assume u G C{[si, S2]; L'^{X)) n L^(si, S2; A^o'^(-Bp)). Then there exists k> 1 such 
that 

sup / \u{x,t)\^ dn{x)\ I f gldfidt. 

te(si,S2) J Bp J Jsi J Bp 

We shall also need the following De Giorgi-type lemma. 
Lemma 2.3. Let p > 2 — e and 1 < q < p* ; moreover let k,l gH with k < I, and u £ N^''^{Bp). Then 

{l~k)fi{{u<k}nBp)'/'^fi{{u>l}nBp)'/'' <2CpPfi{Bpf/''-'^P ( f gPdfi] . 

yJ {k<u<l}nBAp J 

Remark 2.4. - The previous result holds in every open set ^2 C X, provided that (|6]) holds with Q in 
place of Bp. 

Proof. Denote A = {x G Bp : u{x) < k}; if — 0, the result is immediate, otherwise, if > 0, we 
define 

minjit, 1} ~ k, if u > k, 
0, ifM</c. 



V : 

We have that 



/ \v~VBp\''dfl= [ \v-VBp\''dfi+ [ \vBp\'^d^l>\vBp\y{A) 
JB„ JBp\A JA 



and consequently 



(8) Kr <^ / \v-VBpVd^,. 

On the other hand, we see that 



/ {l-kydfi+ / \v\'^ d^i 

(9) JBp J{u>l}nBp J{k<u<l}nBp 

> - ky^l{{u >i}n Bp), 
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and using (jS]), we obtain 

By ([7]) and the doubling property, we finally conclude that 

which is the required inequality. □ 

The following measure-theoretic lemma is a generalization of a result obtained in 9 to the metric 
space setting. Roughly speaking, the lemma states that if the set where u G N^^^ {X) is bounded away 
from zero occupies a good piece of the ball i?, then there exists at least one point and a neighborhood 
about this point such that u remains large in a large portion of the neighborhood. In other words, the 
set where u is positive clusters about at least one point of the ball B. 

Lemma 2.5. Let xa E X , po > p > with ii{dBp{xo)) = and a,(3 > 0. Then, for every A, 5 £ (0,1) 
there exists rj G (0, 1) such that for every u G N^^'^{X) satisfying 

9ld,<P^-^^4^. 

and 

p{{u > 1} n Bp{xo j) > ap{Bp{xo)), 

there exists x* G Bp{xo) with B,^p{x*) C Bp{xo) and 

fi{{u > A} n B,,pix*)) > (1 - 6)fi{B^p{x*)). 

Remark 2.6. - The assumption fi{dBp{xo)) = is not restrictive, since this property holds except for 
at most countably many radii p > and we can choose the appropriate radius p as we like. We also 
point out that the two previous lemmas can also be stated for functions of bounded variation instead of 
Sobolev functions, once a weak (1, l)-Poincare inequality is assumed; the proofs given here can be easily 
adapted to this case by using the notion of the perimeter. 

Proof. For every rj < (po — p)/(2A/5), we may consider a finite family of disjoint balls {i3^p(xi)}ig/, 
Xi G Bp{xq) for every i £ I, Brjp{xi) C Bp{xo), such that 



Bp{xo) C IJ B2,jp{xi) C Bpg{xQ). 



iei 

Observe that B2Ar]p{xi) C Bpg{xo) for every i G / and by the doubling property, the balls B2K'qp(xi) have 
bounded overlap with bound independent of t]. We denote 

/+ = |i G / : > 1} n B2.r^p{x,)) > -^fl{B2rjp{Xij) 



and 



iei : fJ,{{u > 1} n B2^p{xi)) < 7^A*(^2,,p(a;i)) 
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By assumption, we get 

afi{Bp{xo)) < fii{u > 1} n Bp{xo)) 

< J2 > 1} n B2rjpix,)) + ^Y. ^^iBr,p{x,)) 

iei+ iei- 

fi{{u > 1} n B2,jp{x,)) + 2 M(-S(i+,,)p(a;o)) 

ie/+ 

and consequently 

(10) I (M(Sp(a;o)) - M(S(i+,),(a;o) \ Bp{xo))) < > 1} ^ B2„p(xO). 
Assume by contradiction that 

(11) > A} n B^p{x,)) < (1 - ^)^(B^p(x,)), 
for every i G this clearly implies that 



> <5. 



K{u < X}nBrjp{xi)) 

fi{Br,p{xij) 

The doubling condition on /x also implies that 

< A}n52^p(a:,)) ^ _^ 

IJ'{B2T,p{Xi)) ~ Cd' 

By Lemma 12.31 with q = 2, k = X and ^ = 1, we obtain that 

^ n -.lion t W ^ X} n B2rjpix^)) ^ii^p / ^^ 

— > 1} n B2,^p{xi)) < — -— ^i{{u > 1} n B2,^p{xi)) 

Cd fJ-(-D2iTp(Xi)) 



(12) <^7r^ I ald^,- 



{i-xy 

Summing up over and using the bounded overlapping property, from (|10p we get 



^(1 - Xf- (KBpixo)) - KBii+,)p{xo) \ Bp{xo)) 

^ Cd 



<c'7fp' gldii 
<c'(3fi{Bp„{x„))Tj^, 

where the costant c' is given by 16C| multiplied by the overlapping constant. The conclusion follows by 
passing to the limit with rj ^ 0, since the condition ^{dBp{xo)) = implies that the left hand side of the 
previous equation tends to 



^^l^Xf-f,{Bp{xoj). 

^ Cd 



□ 



We conclude with a result which will be needed later; for the proof we refer, for instance, to [15[ 
Lemma 7.1]. 
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Lemma 2.7. Let {yh\'h'=o ^ sequence of positive real numbers such that 

Vh+i < cb'^yj^", 

where c> 0, b > 1 and a > 0. Then if yo < c^^/"&~^/" , we have 

lim yh = 0. 

h^oo 

3. Parabolic De Giorgi classes and quasiminimizers 

We consider a variational approach related to the heat equation (see Definition 

du 

(13) — -Au = inl7x(0,r) 

and provide a Harnack inequality for a class ol lunctions in a metric measure space generalizing the 
known result for positive solutions of in the Euclidean case. The following definition is essentially 
based on the approach of DiBenedetto-Gianazza-Vespri [5] and also of Wieser [33] ; we refer also to the 
book of Lieberman 25^ for a more detailed description. 

Definition 3.1 (Parabolic De Giorgi classes of order 2). Let ft be a non-empty open subset of X and 
T > 0. A function u : $7 x (0, T) — >■ R belongs to the class DG+(fl,T,^), if 

u G C{[Q,T]-Ll,mr\LlS^,T-Nllm, 

and for all k £11 the following energy estimate holds 



(14) sup / {u''k)^{x,t)d^+ I I < " / (u - fc)_,_(a;, Si) d^(a;) 

+ 7(1 + ^^)777^^/ / iu-k)ldnds, 



(R 



siJ Bit{xo) 



where (a;o,io) G $7 x (0,T), and 9 >0,0<r<R, aE [0,1], si,S2 G (0,r), and si < S2 are so that 

T,to e [si,S2], S2-si=9R^, T - Si = 0{R - r)"^, 

and Br{xo) x (io - OR'^,to + OR^) C O x (0,r). The function u belongs to DG^{n,T,'y) if (HH) holds 
with (u — fc)+ replaced by (u — fc)_. The function u is said to belong to the parabolic De Giorgi class of 
order 2, denoted DG{fl,T,j), if 

u G DG+{n,T,-i)nDG-{Q.,T,-i). 

In what follows, the estimate (I14[) given in Definition l3.1l is referred to as energy estimate or Caccioppoli- 
type estimate. We also point out that our definition of parabolic De Giorgi classes of order 2 is sligthly 
different from that given in the Euclidean case by Gianazza-Vespri [T2]; our classes seem to be larger, 
but it is not known to us whether they are equivalent. 

Denote IC{fl x (0,T)) = {K C fl x {0,T) : K compact} and consider the functional 

E : L^{0,T;N^'^{n)) X K-in X {0,T)) ^R, E{w,K) = ^ JJ gld^idt. 

Definition 3.2 (Parabolic quasiminimizer). Let Q, be an open subset of X. A function 

ueLlMT;N^fA^)) 

is said to be a parabolic Q-quasiminimizer, Q > 1, related to the heat equation (I13|) if 



(15) ~ / / u— dfidt E{u,svL-pp{(j))) < QE{u — 4},snpp{(j))) 

for every <j) G Lip^(17 x (0,r)) = {/ G Lip(r2 x (0,T)) : supp(/) ^ 17 x (0,T)}. 
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In the Euclidean case with the Lebesgue measure it can be shown that m is a weak solution of ([T3| 
if and only if it is a 1-quasiminimizer for (|13p. see [33]. Hence 1-quasiminimizers can be seen as weak 
solutions of (|13p in metric measure spaces. This motivates the following definition. 



Definition 3.3. A function u is a parabolic minimizcr if u is a parabolic Q-quasiminimizer with Q = 1. 

We also point out that the class of Q-quasiminimizers is non-empty and non-trivial, since it contains 
the elliptic Q-quasiminimizers as defined in [131 114] and as shown there, there exist many other examples 
as well. 

Remark 3.4. - It is possible to prove, by using the Cheeger differentiable structure and the same proof 
contained in Wieser [33, Section 4], that a parabolic Q-quasiminimizer belongs to a suitable parabolic 
De Giorgi class. We are not able to prove this result directly without using the Cheeger differentiable 
structure; the main problem is that the map u ^ gu is only sublinear and not linear, and linearity is a 
main tool used in the argument. 

4. Parabolic De Giorgi classes and local boundedness 
We shall use the following notation; 

Q^e(2;o,to) = Bp{xQ) X [t^.tQ + Op^), 
QpMi^o,to) = Bpixo) X (<o - Op'^,to], 
Qp.eixo, to) Bp{xQ) X (<o - Op'^,to + Op^). 

When 6* = 1 we shall simplify the notation by writing Qp (sq, ^o) = Q^l{xo^ to), Q~ {xo,to) — Q~ ^{xq, to) 
and Qp{xo,to) = Qp,i{xo,tQ). 

We shall show that functions belonging to DG{il,T,^) are locally bounded. Here we follow the 
analogous proof contained in [53] for the elliptic case. Consider r,R > such that R/2 < r < R, 
si,S2 & (0,r) with 2(s2 — si) = i?^ and a G (si,S2) such that a < {si + S2)/2, fix xq G X. We define 
level sets at scale p > as follows 

A{k;p;ti,t2) := £ Bp{xo) x (^1,^2) : u{x,t) > k}. 

Let r := {R + r)/2, i.e., R/2 < r < f < R, and rj e Lip^(i?f) such that < 77 < 1, 77 = 1 on Br, and 
gr, < 2/(i? - r). Then v = (u - k)+rj G N^'^{Br) and g„ < g(^u-k)+ + 2(m ~ k)+/{R - r). We have 



{u-k)\dpdt <2^ 11 {u-k)lr]^dp,dt 

'BrX{(T,S2) JJBfX(lJ,S2) 



< vAII {u-k)l^^diidt\ {t,®C\A{k-f-,a,S2)t ^^'^ 

C-iBf X {a,S2)) \JJB,x(a,S2} J 

We now use Proposition 12.21 taking q — 2k. We get 

il (u^ k? du dt < 2^22/«c'/^2/K ( f^®CHA{k;r;a,S2)) '^ ^^^'^^^ 

\ (^—1)/^ / \ 1 / At 

2 „2 



sup f {u-k)^r] dfi] \ 4f 9{u-k)+rjdf^dt 

yte{a,S2)J Bf I \JJBfX(a,S2) 
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By applying (|14|) with t = a, a ~ 0, and 9 ~ 1/2, since k > 1, wc arrive at 



<2 



X sup 

\*e(<T,S2) J Bf 



(S2 - ct)!/- \ n®C^{BfX (a, S2)) y ) 

By the the choice of a, we see that (s2 — o")^^ < 2(s2 — si)^^, and consequently 

(16) # iu - dt < 2-+^(3. + 2--)c^/'^.^/'^ ( ^!rvt^'rr'i^ 

Consider h < k. Then 



(k-1)/k 



(fc-/i)2(^(g)/:i(A(fc;f;cr, S2))) < // {u-h^+dndt 

J J A(k;f;a, S2) 

< (( {u-h)\d^idt= [ [ {u~h)\diJLdt, 

JJ A{h-f;cr,S2) J (J J Bf 

from which, using the doubling property ^ , it follows that 

(17) ^l ® C^{A{k- r; a, S2)) < (^rZ"^ (^^ ® (^'^ ^ (f^' ^2))) u{h; r; cr, S2Y 

2N+1 

where 

u{l;p;ti,t2) -ff {u-l)\d^idt 

\JJBpy.(ttM) J 

By plugging (jl7p into (jl6p and arranging terms we arrive at 

(18) r; a, S2) < ^ (fc _ fe)(K-i)/.(j^ _ ^) "(^i ^5 si, S2)w(/i; i?; si, S2)^''-')/^ 
with c = 2^+2+(^+i)('=-i)/(2«)(37 + 22^+2)i/2cy«. 



1/2 
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Let US consider the following sequences: for ?i G N, /cq £ R and fixed d we define 

fc„:=fco + dU-^ I /"ko + d, 



R R R 

rn:= j + and 

Si + S2 R^ , Si + S2 



Tliis is possible since 2(s2 ~ si) = R^. The following technical result will be useful for us. 

Lemma 4.1. Let uq := u{ko; R; 81,82), u„ := u{kn\rn] cr„, S2), 

K - f 1 + 6* ^ K 

:= , a := — - — = 1 



and 

where c is the constant in (fT8|) . Then 

(19) < — . 

^ ' II — nan 



Proof. We prove the lemma by induction. First notice that (|19p is true for n = 0. Then assume that ((T9|l 
is true for fixed n G N. In we first estimate ri/'=(s2 - cr)(«-i)/2'« by i?^/''(s2 - si)('"-^)/2«^ tj,^^;^^ 
we replace r with r„+i, i? with r„, a with iJn+i, si with (t„, /i with fc„, and k with /cn+i. With these 
replacements we arrive at 

< Cfl (52 -Sl)^ ..1 + (K-1)/. 

(fc„+i-fc„)('^-i)/'=(r„-r„+i) " 
Denote c' := ci?^/'^(s2 - si)(''~i)/(2k) so that we have 

Un+l < 



c'ul+0 



(fc„+i - knr{rn - rn+i) 
Since r„ — r„+i ~ 2^("+^)i? and fc„+i — fc„ = 2^("+^)(i, we obtain 

As 2(s2 " si) = i?^, we have 

c" := ^ = 2ci?i/'=(s2 - 1 ^ 2i+«/2c. 

Point being that the constant c" is independent of R, si, and 82- Finally, since (1 — a)(l + 0) = —a we 
arrive at 

2(n+i)(i+e) . s i+e 
< ^"-^^ (^) - 2-«(-^).o. 
This completes the proof. □ 

Before proving the main result of this section, we need the following proposition. 
Proposition 4.2. For every number ko (z H we have 

u{ka + d; R/2- {si + S2)/2, 82) ^ 0, 
where d is defined as in Lemma\4-. 1\ 



12 KINNUNEN, MAROLA, MIRANDA JR. AND PARONETTO 

Proof. Since fc„ < kg + d, R/2 < ?"„ < i?, si < cr„ < (si + S2)/2, the doubling property implies that 

< u{ko + d; R/2; (si + S2)/2, 53) < 2^+^u{kn; rn;an, S2) = w„. 

By Lemma |4. 11 we have lim„_j.oc w„ — and the claim follows. □ 

We close this section by proving local boundedness for functions in the De Giorgi class. 

Theorem 4.3. Suppose u G DG(fl^T,^). Then there is a constant Coo depending only on Cd, 7, and the 
constants in the weak (\,2)-Poincare inequality, such that for all Br x (si,S2) C x (0,r), we have 

ess sup \u\ < Coo i~f- \u\'^diidt 

-Bh/2X((si+S2)/2,S2) \JJBRXisuS2) J 

Proof. The Proposition 14.21 implies that 

ess sup u < ko + d, 

-Bh/2X(('S1+S2)/2,S2) 

where d is defined in Lemma 14.11 Then 

ess sup u < fco + Coo ff {u — kaj'^djidt , 

Br/2X{{si+S2)/2,S2) \JJBrX{si.S2) J 

with Coo = c^^* 2i+^/^+°(i+^\ c the constant in (IT51) . The previous inequality with fco = can be written 
as follows 

1/2 / „„ \ 1/2 

\u\'^dfidt] 



ess sup .<coo # uld,dt] <cjjl 

X((S1+S2)/2,S2) \JJBrX{sx,S2) I \JJBi 



Br/2X{{si+S2)/2,S2) \JJBrX{si,S2) J \JJBrX{si,S2) ) 

Since also —u e DG{ft,T,'^) the analogous argument applied to —u gives the claim. □ 

5. Parabolic De Giorgi classes and Harnack inequality 

In this section we shall prove a scale-invariant parabolic Harnack inequality for functions in the De 
Giorgi class of order 2 and, in particular, for parabolic quasiminimizers. 

Proposition 5.1. Let p, 9 > be chosen such that the cylinder Q^g(?/, s) G x (0,T). Then for each 
choice of a, a G (0,1) and 9 e (0,f?), there is depending only on N,j,C:,,a,9,9, such that for every 
u e -DG+(J7, T, 7) and m+ and lj for which 

m+ > ess sup u and lu > osc u, 

the following claim holds true: if 

fJ-'S'C^ ({{x, t) G Q~g{y, s) : t)>m+- ctw}) < v+^i ® C} (Q'eiv^ ^)) ' 

then 

u{x^t) < m-\- — aauj fiCSiC^-a.e. in Bp/2{y) x. (^s — Sp^ , s]. 

Proof. Define the following sequences, ft, e N, 



Bh := Bpjy), s,, := s - 9up^ s~9p^ , Q- := B,, x {st, s], 
1 -a 



Oh '■— aa H 7^f;~^ \ O'^: ^md kh = m+ — ct/iO; m+ — aaoj. 
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Consider a sequence of Lipschitz continuous functions Ch, £ N, satisfying the following: 



Ch = 1 in Q^^^ , 
1 



Ch =0 in Qp,g{y,s)\Q',^ 



9Ch 



< 



2/1+2 



Ph - ph+1 



< iCh)t < 



2h+i ^ 
9-0 p2 



Denote Ah := {{x,t) S : u{x,t) > kh}. We have 



{u — kh) _^.Ch dp- dt > // {u — kh)^dpdt> II {u — kh)_^_ dpdt 



and consequently 



(20) / f (^/-fc/.)ta'^A^c^i> 



n2 .2 ,,. J. ((1 - a)^^)^ P ® J^H^h+i) 



On the other hand, if we use first Holder's inequality and then Proposition 12.21 we obtain the following 
estimate 



{u-kh)+Chdpdt < 1^ — JijBh) — / \J Jb '''+^^ dpdtj 

sup f [u- kh)XCh dp 
e{sh,s)JBh 

fj^ (2C'.5^.-fe,),+2<?c\(^-fc/0+) dpdt^ ' 

V PiBh) J PKBh) \t&{sH,B) J Bn 

X 2 / / .g^„_fe,)^ dp dt + / / - 

V Js,jBh P JsjBh / 

<2./-^V'"(^^^)'"""l^( sup / 

V Ml-B/i) / p{Bh)\te(s^.,s)JBu 



I 9fu-k^)+dpdt+^—^ I I {u~kh)\dpdt\ . 



4 /-s 
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We continue by applying the energy estimate ([T4| with r — ph, R = Ph-i, a = 0, S2 = s, t = Sh, 
si — s/i_i and get 

+ 7(1 + ^^)^^/ / {u-kh)\dp.dt\ 



P J Sh-iJ Bh-i 

where Ci = 2^/*^ (?J'^{1 + ^ + ^/{6 — 6)). We also have that u — kh < — = and then 
/ / {u-kh)\d^ldt<^i®C^{Ah-l){(ThUJf<^Ji®C^{Ah-l){auJf. 

■I -'Qk-1 

This implies that 



< 



^ ' \p®CHBh-i)) p{Bh-i) 



where we have estimated ^{Bh-i) / p{Bh) < 2^ . By the last inequality and ((20|) . if we call C2 the constant 
Ci 6l'^2^(i+'^)+6(l - a)-2, we obtain 



^l{Bh+l) - \fi(E)C\Bh-i)J fi{Bh-i) ' 

finally, dividing by s — Sh+i and since (s — Sh-i)/{s — Sh+i) < 0/9, we can summarize what we have 
obtain by writing 

(21) yh+i<Cs2^'^yl+Jr''>^^ 
where we have defined 

Vh '■— T-, T and 03 = 62^ 

i.e. 



{l-a)^9 



We observe that the hypotheses of Lemma [2771 are satisfied with c — C3, b = 2* and a — {k — 1)/k. Then 
if 

we would be able to conclude, since {yh}h is a decreasing sequence, that 

lim y/i = 0. 

Since = p,(^ C^{Aq)/ p,® >C^((3q ), where 

= Bp{y) -K {s - 9p^ ,s\, and ^0 = {(a^, S Qq : > m+ - crw}. 
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To do this it is sufficient to choose to be 

By definition of yh and Ah we see that 

u < rn+ — aauj /i (g) £"'^-a.e. in Bpi2{y) x (s — 9p^ , s\ , 
which compietes the proof. □ 

An analogous argument proves the following claim. 

Proposition 5.2. Let p, 6 > be chosen such that the cylinder Q~g{y,s) C x (0,r). Then for each 
choice of a, a G (0,1) and € {0,0), there is z/_, depending only on N,^,c^,,a,9,0, such that for every 
u £ DG-{il, T, 7) and rn+ and uj for which 

m_ < ess inf u and lu > osc u, 

the following claim holds true: if 

p®C^ [{{x, t) e Qp giy, s) : u{x, t) < + auj}^ < v^p ® C} (Qp^giv^ «)) ' 

then 

u{x,t) > + aauj p(i)C^-a.e. in Bp/2{y) x {s — Op'^ , s]. 

Proof. It is sufficient to argue as in the proof of Proposition lSTI considering (u — kh)- in place of (m — fc/i)+, 
where = m_ + cr/jW. □ 

The next result is the so called expansion of positivity. Following the approach of DiBenedetto 'W we 
show that pointwise information in a ball Bp implies pointwise information in the expanded ball i?2p at 
a further time level. 

Proposition 5.3. Let {x*,t*) e fl x (0,r) and p > with B^Apix*) x [t* - p'^,t* + p'^] C n x (0,r). 
Then there exists 9 £ (0, 1), depending only on 7, such that for every G {0,0) there exists A G (0, 1), 
depending on and 0, such that for every h> and for every u G DG{il,T,j) the following is valid. If 

u{x,t*) > h p—a.e. in Bp{x*), 

then 

u{x,t) > Xh p — a.e. in B2p{x*), for every t Ci [t* + 0p'^ ,t* + 0p'^]. 
From now on, let us denote 

Ah,p{x*,t*) := {x G Bp{x*) : u{x,t*) < h}. 

Remark 5.4. - Let {x*,t*) G f2 x (0,T) and h > he fixed. Then if u{x,t*) > h for p-a.e. x G Bp{x*) 
we have that 

Ah,4p{x*^t*)^B^pi^*)\Bp{x*). 

The doubling property implies 

p{A,,,^p{x*,t*)) < (1 - 4^) l^iB4p{x*))- 



The proof of Proposition 15.31 requires some preliminary lemmas. 
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Lemma 5.5. Given {x*,t*) for which Bip{x*) x [t* ,t* + 6 p^] C x (0,r), there exist rj G (0,1) and 
9 G (0, 9) such that, given h > and u > in DG{fl, T, 7) for which the following holds 

u{x,t*) > h fi~a.e. in Bp{x*) 

then 

n{A^h,4p{x*,t)) < (1 - JWTt) ^(■S4p(a;*)) 

for every t € [t*,t* + Op"^] . 

Proof. We may assume that h ^ I, otherwise we consider the scaled function u/h. We apply the energy 
estimate of Definition 13. II with R — Ap, r — Ap{l - a), si ~ t*, S2 = t* + 9p'^ with to be chosen, t = t* , 
a € (0, 1), and a = 1. This gives us 

sup / {u-lf_{x,t)dp{x) + j / 9lu-i)^d.p.dt 

</ iu-l)lix,t*)dpix) + —^f^"'[ {u-ltdfidt. 
Since u > 1 in Bp{x*), we deduce from Rcmark l5.4l that 

e B.pix*) : u{x,t*) < 1}) <(^l-±}j p{B,p{x*)). 
Notice that (u — 1)_ < 1; thus we have in particular 
sup / {u — l)'^{x,t) dp{x) 

f<t<f+0p^ "'-B4p(l-^) (2:*) 

</ {u-lf_{x,t*)dp{x) + —^(^'[ [u~l)ldpdt 



Writing Ah,p{t) in place of Ah.p{x* ,t), decomposing 

Ar,,4p{t) = ^,,,4p(i-<T)(*) U {x e B4p{x*) \B4p(i_^)(a;*) : u{x,t) < ry}, 
and using the doubling property we have 

K^V-Api^)) < M(A,,4p(1-<t) W) + p.{B4p(x*) \B4p(^i_„){x*)). 

On the other hand, 



< 1 



{u-lf_{x,t)d^i{x)> / {u-lf_{x,t)d^i{x)>{l-7jfp{A^,4pii_,){t)). 

S4p(l-CT) (2;*) 4p(i_„) (t) 
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Finally, we obtain 

(22) /i(A^,4p(i)) < m( A,4p(i-^) {t))+fi (Bipix*) \ S4p(i_^) (x*)) 



J -B4p(l-<T)(a:*) 

< (1 - - + M(54p(x*)) + M (i34p(x*) \ B4p(l-.)(X*)) . 

If the claim of the lemma was false, then for every 6', ?7 G (0, 1) there exists t G [t* ,t* + 9p^] for which 

M(A,.4p(t)) > (^1 - fi{Bip{x*)) . 

Applying this last estimate, then (E^ for t = t and dividing by fi {B4p{x*)) we would have 

LJ\<n^ ^-2 /^i _ ^ I I A^(g4p(x*)\i34p(i-a)(x*)) 

^^+1 y - ^ [ 4^ 16(72 ) + M(^4p(a;*)) 



Choosing, for instance, 9 — and letting rj and cr go to zero we would have the contradiction 1 — 4 ^ ^ < 
1-4-^. □ 

Lemma 5.6. Assume u G DG{Q,T,^), u > 0. Let 6 be as in Lemma \5.5\ and h > 0. Consider (x*,t*) 
in such a way that B^/^p^x*) x [t* — 6p^,t* + Op^] C 51 x (0,r) and assume that 

u{x, t*) > h, fi — a.e. X Cz Bp(x*). 

Then for every e > there exists rji G (0,1), depending on e, Cd, 7, 0, and the constant in the weak 
Poincare inequality, such that 

p®C^ {{{x,t) G Bip{x*) X [t*,t* +ep^] : u{x,t) < 771/1}) <ep®C^ {Bap{x*) x [t\t* +6p'^]^ . 

Proof. Apply the energy estimate ([14]) in B^Apix*) x {t* - 2dp'^,t*) with 

R = 5Ap, r = 4Ap, S2 = t* + Op'^, si = t* - 9p^, t = t* , and a = 0, 
at the level k — rih2~™', where rj > and m G N. We obtain 

(23) / / 9l_^)_dt^dt 



1\ 1 / 



To simplify notation, let us write A}i p{t) instead oi Afi p{x* ,t). Lemma 12.31 with parameters k = r]h/2^' 
I = 77/1/2™^^, q = I and 2 — e < p < 2, implies 



(24) / f"-^) ix,t)dp<^p{A^^,2-^^4p{t)) 



^ 8C,ppiB,pix*)r-^/p f f p 

- KB,pix*) \ A,,2-™.^4p(r)) [J Ait) ^(-*)- """J ' 
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for every t e [t*,t* + Op"^], where A{t) := A,,^2-"+i,4Ap(^) \ A^h2-'^ AAp{t)- Clearly, 

B4p{x*) \ A^h2-m+\ip{t) 2 B4p{x*) \ ArjhApit)- 

If we choose 77 so that it satisfies the hypothesis of Lemma 15.51 and write 

p,{Bip{x*) \ A,/i,4p(0) + m(A,/i,4p(0) = M(-S4p(a;*)), 

then we deduce that 

li{B4p{x*)\A^hAp{t)) > 4-^-V(54p(2:*)) 
for every t e [t*,t* + 9p'^]. We finally arrive at 

X (""^) (^'*)'^A*^8^p4^^V(S4p(x*))i-i/^p(^|^^^^g;',^_^^Jx,0dM)'^^ 

Integrating this with respect to t and defining the decreasing sequence {o.m,p}m=o 

j-f+ep^ 



f^{^r,h2-"^,p{t)) dt 

ei?p(a:*) X [t* -~ep\t*]:u{x,t) < l^jj, 



we get by the Holder inequality 



t*+ep- 



(25) / / i^,t)dpdt 



B4p{x*) 



rjh 



2-^ 



<8Cp4^+V(B4p(x*))i-i/^'p(^£ J^^^^9l_^^_{^,t)dpdt^ 

/ nt'+Bp^ p \ 1/^ 

< 8Cp4^+V(^4p(x*))i-i/fp / / gl d^ldt] (a™-i,4Ap - a„,4Ap) 



A(t) 

t'+Bp^ r \ 1/2 

(2-p)/2 



On the other hand, 

^4' + 



Jt, Jb, (,.)^v"" 2^ j {x,t)dndt > ^-^a™+i^4p 
from which, using first (ps)) and then (|23l) . we obtain 

2/(2-p) / s 

^m+l,4p — Cl^flm— l,4Ap flm,4Apj7 

where c= ((7216^+27(2^+ l)^(S4p(x*))2(i-i/p)^(S5^^(a;*))p2)i/(2-p)_ Hence for every to* e N we have 

E2/(2-p) , / N 
am+l,4p S C[aQ,4Ap - ajn,,4Ap)- 

Since {am,,p}m=o decreasing the sum J2m=i ^m+iTip converges, and consequently 

hm ajn,ip = 0- 

This completes the proof. □ 

Proof of Proposition \5.3[ The proof is a direct consequence of Proposition 15.21 used with the right pa- 
rameters. Fix 9 — 1 and let be as in Lemma [5.51 choose also 6 € (0,6) and let be the constant in 
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Proposition 15 . 21 determined by these parameters and a = 1/2. Apply Lemma 15.61 with e = and obtain 
the constant rji for which the assumptions of Proposition [5?2] are satisfied with 



y^x*,s = t* +ep^,e ■.= e-e,m^ = O and o- = — . 

This concludes the proof with X ~ ^rji. □ 

The foUowing is the main resuh of this paper. 

Theorem 5.7 (Parabolic Harnack). Assume u £ DG{fl,T,j) , u> 0. For any constant C2 G (0, 1], there 
exists c\ > 0, depending on Cd, 7, and the constants in the weak {\,2)-Poincare inequality, such that for 
any Lebesgue point {xo,to) G ft x (0,T) with B^f^p{xQ) x [t^ — p^,to + 5p^) CZ fl x (0,T) we have 

u{xo,to) < ci ess inf u{x, to + C2p^)- 

Bp{xo) 

As a consequence, u is locally a-Holder continuous with a = — log2 and satisfies the strong maximum 
principle. 

Proof. Suppose to ~ 0; up to rescaling, we may write u(a;o,0) = p^^ for some ^ > to be fixed later. 
Define the functions 

M{s)^ sup u, Af{s) = {p- s)~^, se[0,p). 

Q7{xo,o) 

Let us denote by sq G [0,p) the largest solution of M{s) — A/'(s). Define 

M ■.^N-{so) = {p-so)-^, 
and fix {yo, tq) G Qj^{xo, 0) in such a way that 

(26) < '^^P - 

<3po/4(ao,^o) 

where po = {p — so)/2; this implies that Q^„{ya,Ta) C Q(p+s(,)/2(^0i 0), as well as that 

sup u< sup u<M i j ^ 2^M. 

Let us divide the proof into five steps. 
Step 1. We assert that 

(27) [\{x,t) e Q-^i^{yo,Ta):u{x,t) > > v+p®C^ {Q'pon^V^^^^)) ' 

where is the constant in Proposition 15.11 To see this, assume on the contrary that equation (P7)) is 
not true. Then set k — 2^M and 

m+ = uj = k,9 = l, p = (7 = 1 — 2~^~^, and a = [1 — 



2«+2 



We obtain from Proposition 15.11 that 



which contradicts (|26|) . 

Step 2. We show that there exists 



u < —r- m (^Po (yo,T-o), 

4 4 
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such that 

(28) M (|x G i?p„/2(2/o) : u{x,t) > > ^/x(Bp„/2(yo)), 
and 

(29) / glix,t)d^,ix)<a ^^\^y'^h ^ 

JB^^,^(ya) Po 

for some sufficiently large a > 0. For this, we define the sets A{t), I, and Jq as follows 

M' 

Y 



A{t) ja; £ Bp„/2(yo) : u(a;,i) > 



and 



/ := ^ e (ro - ^,ro] : M(A(t)) > ^^(^^^/^(yo)) \ , 



J. := i e (ro - ^,ro] : / OrfA^(^) < a^^^^^^k' 



A ' I ^ U \- ) / r \ - / — - V 



From (P7)) we have that 

z.+/^«)/:i(Q-/2(yo,To)) < / M(^(i))'^^ 



To 



This implies the following lower bound 



fi{A{t))dt+ / ^{A{t))dt 
< KBp„/2{yo))\I\ + ^'(Q;„/2(2/o,to)) 



^^®C\Q;^^,{yo,ro))(\I\ [^J + ^ 



On the other hand, if we apply (jl4p with i? = po, ^ = Po/2, a = 0, and = 1, we obtain 



(30) 



ya-.-ra) J Q {yo,To) 



<^ / iu-kf_dfidt<^^^i^C\Q-^iyo,To)) 
Po JQpo(yo,To) Po 

This estimate implies 

47fcV(Bpo(yo)) > / d< / 9lix,t)dfi 



which in turn gives us 



4 V a 
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Choosing a — 647/1/+, we obtain 



2 

|/nj„| = |/| + |J„| - |/u J„| > 

16 

Then if we set 



we get 



2 

|/ n J„ n T| - |/ n J„ I + |r| - |(/ n u t| > 

4 o 



and in particular / n Jq, fl T 7^ 0. 

Step 3. We fix f £ T; by Lemma [2.51 we have that for any 5 e (0, 1), there exist x* e Spp/2(yo) and 
77 e (0, 1) such that 

(31) > ^|nB,„„/2(a;*)) > (l-5V(S„p„/2(x*)). 

A'tep ^. We show that for e > to be fixed, there exists x such that Q^^p^j^{x,t) C Qpg{yo,To) and 

(32) S5 < n Qt,,,;,{x, t)^ < 4^+1(76^ + S)^, £1 (Q+ ,„/4(S, i)) ■ 
Indeed, consider the cyhnder 

g = Sr,po/4(x*) X it,t + t*] 

with t* = {eripo/A)'^. Using the energy estimate on Q with /c = M/4, i? = ripo/2, r = R/2 and 
a = 1, we obtain together with (I5T]) that for any s G (i, t + 1*] 

2 



' S^pq/4(2;*) 

^ ~p2 [ [ f"~"r) {x,t)dn{x)+[ ('^^-f] {x,t)dp{x) 



S„p(,/2(^*) 



<^(7e' + '5)/.(S,Po/2(^*))- 



Define 



B(t) = ja; G B^pji{x*) : u{x,t) < ^^j , 



and we have that 



/ (^~~P] i^^s)dn{x)>[ (u-^^ {x,s)dfi{x) > ^p{B{s)). 

Putting the preceding two estimates together we arrive at 

^,{Bis))<4{Je'+S)p{B,p,^,{x*)) 
for every s G (t,t + t*]. Integrating this inequality over s we obtain the estimate 
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We have to apply Proposition I5.H we then have that there exists x so that i) C Qp^^{yo,To) 

satisying equation (|32|) . To see this, we take a disjoint family of balls {-Ber;po/4(2;j)}"Li such that 
Benpo/iixj) C B,,p„/4(x*) for every j = 1, . . . , m, and 

m 

Given this disjoint family, there exists jo such that ([32]) is satisfied with x ~ Xjg. Otherwise we would 
get a contradiction summing over j — 1, . . . , m. 

Step 5. Due to our construction, we are able to state 

osc u< k = 2^M. 

We also have that if s — t + [erjpo/'^Y then Q^^^p^^^ix, t) — Q^^ipo/A^^^ ^PPly Proposition 15.21 with 

^^^0 a ^ n u ^ o-«-3 

— — , ti=l, m_ = U, oj = K, '^^2' = 1 

so we can deduce that there exists > such that if 

(33) ^0£iQti< ^|nQ;^^^/4(x,s)^ <iy^fi<^£\Q;^^^^^{x,s)) 
then 

M 

u{x, t) > —, p,® C — a.e. in {x, s), 

where r = £7/po/8- 

Fix e and S in (|32|) small enough so that ([33]) is satisfied and t + (er/p/4)^ < 0. With this choice of S, 
we obtain the constants 77 and r that depend only on S. Expansion of positivity, Proposition [531 implies 

. X ^ M 

u[x,t) > A—, 
16 

for all X e B2r{x) and t £ [t + 6r'^,t + 9r^] for some i e {t,t + (£7/po/4)^], where 6 depends only on 
7, whereas A depends on 7 and 9 £ (0, 9) that we shall fix later. We can repeat the argument with r 
replaced by 2r and initial time varying in the interval [t + 9r^,t + 9r^] to obtain the following estimate 

/ N ^ 9 M 

uix,t)>X^ — , 
16 

for all X G B4r{x) and t £ [t + 59r^,t + 59r^]. Thus iterating this procedure, we can show by induction 
that for any m G N 

(34) uix,t)>y^^, 

16 

for all X G i?2'nr(S) and t G [smj^m], where 

- - 2 4™ - 1 » ~ 2 4" - 1 
s„j = t + 9r and tm = t + 9r . 

We fix m in such a way that 2p < 2"^r < 4p; since x G Bp{xo), we then have the inclusion Bp{xo) C 
B2^r{x). Recalling that r = eri{p — .so)/16, we obtain 

14 x-e 
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Hence equation (p4l) can be rewritten as follows 



{x,t) > A™^ = yn(^_^ > (2«A)"(er;)«2-6«-V« = (2«A)'"(£77)«2-6?-4u(xo, 0). 
Id lb 



for any x £ Bp{xa) and t G [sm,trn] 



We now fix C2 > and choose 9 in such a way that ^6 < C2. With this choice, since 2™r < Ap, we 



have 

- 4™ ~ 1 6 

(35) s„,<9r^— <e—p'' <C2p''. 

Once 6* has been fixed, we have A; we now fix ^ = — log2 A. With these choices also the radius r is fixed 
and so m is chosen in such a way that 

1 — log2 r < m < 2 — log2 r. 

We draw the conclusion that 

u{x, t) > cou{xo, 0) 
with Co := (£77)^2^^^^^ for all x G i?p(xo) and t G [s,„,t„i]. 

Notice that by ([55]) we have got two alternatives. Either C2/9^ G [sm,tm] or C2/3^ > im- In the former 
case, the proof is completed by taking ci = Cq^. Whereas in the latter case, we can 
such that 

u{x, t) > cqu{xq, 0) 

for all X G Bp{xo). We can assume that 9 is small enough such that t + 9p^ < C2p^. By expansion of 
positivity. Proposition 15. 3[ we then obtain that 

u{x,t) > Xcou{xq,0) 

for all X G B2p{xo) and t E [t + 9p^, t + 9p^]. If C2p^ < t + 9p^, then the proof is completed by selecting 
ci = (Aco)~^. If this was not the case, we could restrict the previous inequality on Bp(xo), and so 
iterating the procedure, adding the condition that 9 < 9, using the fact that the estimate is already true 
on [i+9p^,i+9p% 

u{x,t) > A^com(xo,0) 

for each x G Bp{xo) and t E [t + 9p^, t + 29p^]. By induction, if k is an integer such that t + k9p^ > C2p^, 
then 

u{x,t) > \''cou{xq,0) 

for every x G Bp{xo) and t G [t + 9p'^ ,t + k9p'^]. It is crucial to select such an index k which depends only 
on the class and not on the function. We then take k in such a way that t + k9 > C2p^ ■ As —p^ < t < C2p^ 
the index k has to be chosen in such a way that both 1 + C2 < k9 and t -\- k9 remains in the domain of 
reference. Notice that 1 + C2 < 2. Hence there exists k such that 2 < fcf? < 3, and we are done with the 
proof. □ 

References 

[1] M.T. Barlow and R.F. Bass and T. Kumagai, Stability of parabolic Harnack inequalities on metric measure spaces, 
J. Math. Soc. Japan, 58, (2006), n.2, pp. 485-519. 

[2] M.T. Barlow and A. Grigor'yan and T. Kumagai, On the equivalence of parabolic Harnack inequalities and heat 
kernel estimates, J. Math. Soc. Japan, to appear. 

[3] A. BjORN AND J. BjORN, Nonlinear Potential Theory on Metric Spaces, EMS Tracts in Mathematics, European Math- 
ematical Society (EMS), Ziirich, in press. 

[4] J. BjORN Boundary continuity for quasiminimizers on metric spaces, lUinois J. Math., 46 (2002), pp. 383-403. 

[5] J. Cheeger. Differentiability of Lipschitz functions on measure spaces, Geom. Funct. Anal. 9 (1999), no. 3, pp. 428-517. 

[6] E. De GiORGI, Sulla differenziabilitd e I'analiticita delle estremali degli integrali multipli regolari, Mem. Accad. Sci. 
Torino. 01. Sci. Fis. Mat. Nat. (3) 3 (1957), pp. 25-43. 



24 



KINNUNEN, MAROLA, MIRANDA JR. AND PARONETTO 



[7] T. Delmotte Graphs between the elliptic and parabolic Harnack inequalities, Potential Anal., 16 (2002), pp. 151-168. 
[8] E. DiBenedetto, Harnack estimates in certain function classes, Atti Scm. Mat. Fis. Univ. Modena, 37 (1989), no. 1, 
pp. 173-182. 

[9] E. DiBenedetto and U. Gianazza and V. Vespri, Local clustering of the non-zero set of functions in W^'^{E), Atti 
Accad. Naz. Lincei CI. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 17 (2006), no. 3, pp. 223225 

[10] E. DiBenedetto and N.S. Trudinger, Harnack inequalities for quasiminima of variational integrals, Ann. Inst. H. 
Poincare Anal. Non Lineaire, (4) 1 (1984), pp. 295-308. 

[11] S. Fornaro and F. Paronetto and V. Vespri, Disuguaglianza di Harnack per equazioni paraboliche, Quaderni Dip. 
Mat. Univ. Lccce, 2/2008, 

http: //siba-ese .unisalento . it/index .php/quadmat/view/614 

[12] U. Gianazza and V. Vespri, Parabolic De Giorgi classes of order p and the Harnack inequality, Calc. Var. Partial 

Differential Equations 26 (2006), no. 3, pp. 379399. 
[13] M. Giaquinta and E. Giusti, On the regularity of the minima of variational integrals, Acta Math., 148 (1982), 

pp. 31-46. 

[14] M. Giaquinta and E. Giusti, Quasi-minima, Ann. Inst. H. Poincare Anal. Non Lineaire, (2) 1 (1984), pp. 79-107. 
[15] E. Giusti, Direct methods in the calculus of variations, World Scientific Publishing Co., Inc., River Edge, NJ, 2003. 
[16] A. A. Grigor'yan, The heat equation on noncompact Riemannian manifolds. Mat. Sb., (1) 182 (1991), pp. 55-87; 

translation in Math. USSR-Sb. 72 (1992), no. 1, 4777. 
[17] P. Hajlasz and p. Koskela, Sobolev met Poincare, Mem. Amer. Math. Soc. (688) 145 (2000), Providence, RI, 2000. 
[18] P. Hajlasz, Sobolev spaces on metric-measure spaces. Heat kernels and analysis on manifolds, graphs, and metric 

spaces, (Paris, 2002), pp. 173-218, Contemp. Math., 338, Amer. Math. Soc, Providence, RI, 2003. 
[19] J. Heinonen, Lectures on analysis on metric spaces, Springer-Verlag, New York, 2001. 

[20] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry. Acta Math., 181 
(1998), no. 1, pp. 1-61. 

[21] S. Keith and X. Zhong, The Poincare inequality is an open ended condition, Ann. of Math. (2) 167 (2008), pp. 575- 

599. 

[22] ,J. KiNNUNEN AND O. Martio, Potential theory of quasiminimizers, Ann. Acad. Sci. Fenn. Math., 28 (2003), no. 2, 
pp. 459 -490. 

[23] J. KiNNLNEN AND N. Shanmugalingam, Regularity of quasi-minimizers on metric spaces, Manuscripta Math. ,105 
(2001), no. 3, pp. 401-423. 

[24] P. Koskela and P. M.vgManus Quasiconformal mappings and Sobolev spaces, Studia Math., 131 (1998), no. 1, 
pp. 1-17. 

[25] G.M. LiEBERMAN, Second order parabolic differential equations. World Scientific Pubishling Co., Inc., River Edge, NJ, 
1996. 

[26] S. Marchi, Boundary regularity for parabolic quasiminima, Ann. Mat. Pura Appl., (4) 166 (1994), pp. 17-26. 

[27] O. Martio and C. Sbordone, Quasiminimizers in one dimension: integrability of the derivative, inverse function 

and obstacle problems, Ann. Mat. Pura Appl. (4), 186 (2007), pp. 579 590. 
[28] L. Saloff-Coste, A note on Poincare, Sobolev, and Harnack inequalities, Internat. Math. Res. Notices, 2 (1992), 

pp. 27-38. 

[29] N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric measure spaces. Rev. Mat. 

Iberoamericana, 16 (2000) no. 2, pp. 243-279. 
[30] N. Shanmugalingam, Harmonic functions on metric spaces, Illinois J. Math., 45 (2001), no. 3, pp. 1021-1050. 
[31] K.-T. Sturm, Analysis on local Dirichlet spaces. HL The parabolic Harnack inequality, J. Math. Pures Appl. (9), 75 

(1996), pp. 273-297. 

[32] G. Wang, Harnack inequalities for' functions in the De Giorgi parabolic classes. Lecture Notes Math., 1306 (1988), 
pp. 182-201. 

[33] W. WiESER,, Parabolic Q-minima and minimal solutions to variational flow, Manuscripta Math., 59 (1987), pp. 63—107. 
[34] S. Zhou, On the local behavior of parabolic Q-minima, J. Partial Differential Equations, 6 (1993), pp. 255-272. 
[35] S. Zhou, Parabolic Q-minima and their applications, J. Partial Differential Equations, 7 (1994), pp. 289-322. 

(JK) DEPARTMENT OF MATHEMATICS, P.O BOX 11100, FI-00076 AALTO UNIVERSITY, FINLAND, E- 
MAIL: JUHA.KINNUNEN@TKK.FI 

(NM) DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF HELSINKI, P.O. BOX 68, 
FI-00014 UNIVERSITY OF HELSINKI, E-MAIL: NIKO.MAROLA@HELSINKI.FI 



(MM) DIPARTIMENTO DI MATEMATICA, UNIVERSITY OF FERRARA, VIA MACHIAVELLI 35, 44121 FER- 
RARA, ITALY, E-MAIL: MICHELE.MIRANDA@UNIFE.IT. 



PARABOLIC VARIATIONAL PROBLEMS AND REGULARITY IN METRIC SPACES 



25 



(FP) DIPARTIMENTO DI METODI E MODELLI MATEMATICI PER LE SCIENZE APPLICATE, UNIVERSITA 
DEGLI STUDI DI PADOVA, VIA TRIESTE 63, 35121 PADOVA, ITALY, E-MAIL: FABIO.PARONETTO@UNIPD.IT. 



